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LATERAL DIFFUSION
IN BIOLOGICAL MEMBRANES
A NORMAL-MODE ANALYSIS OF DIFFUSION ON A SPHERICAL SURFACE
DENNIS E. KOPPEL, Department of Biochemistry, MICHAEL P. SHEETZ,
Department ofPhysiology, AND MELVIN SCHINDLER, Department of
Microbiology, University of Connecticut Health Center, Farmington,
Connecticut 06032 U.S.A.
ABSTRACT A new approach is described for the analysis of lateral diffusion in biological
membranes. It is shown that a suitably defined first moment of the concentration distribution
on a spherical surface decays as a single exponential with a relaxation rate proportional to the
diffusion coefficient and inversely proportional to the square of the radius of the sphere. The
approach is illustrated with an example of fluorescence redistribution after photobleaching of
membrane proteins in a spectrin-deficient spherocytic mouse erythrocyte membrane.
INTRODUCTION
In recent years, following the first demonstrations that integral membrane proteins can be
free to diffuse in the plane of the membrane (1), considerable efforts have been made to allow
the quantitative characterization of membrane translational dynamics. One general approach
to the problem involves what is essentially a scaling-down of the classical free-diffusion-
at-a-boundary experiment to the microscopic geometry of the cell surface. As an initial
condition, an inhomogeneous concentration distribution of a particular component is induced
within the cell membrane. Diffusion coefficients are calculated from the characteristic
kinetics of the subsequent relaxation toward equilibrium. The initial inhomogeneity has been
introduced by a variety of means: cell fusion (1-3), absorption bleaching (4, 5), spot-labeling
(6), electrophoresis (7, 8), and fluorescence photobleaching (9-14). With a few exceptions
(4, 5, 8) the redistribution toward equilibrium has been followed, in one way or another, by
using fluorescent labels. Fluorescence photobleaching has been particularly popular as a
concentration perturbation, because of the relative ease with which it can be routinely
employed.
Recent major advances in technique (13, 14) have been directed toward the analysis of
diffusion in an infinite plane, the geometry appropriate for monolayers of large adherent cells
in culture or for reconstituted planar bilayers. The object of this paper is to present a new
approach for the analysis of diffusion on a spherical surface, the geometry appropriate for
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FIGURE 1 (Top) Schematic view of spherical cell of radius r as seen from the side, with polar axis parallel
to the supporting planar substrate. The focused laser beam, incident from above, is scanned along the polar
axis. (Bottom) Actual trace of fluorescence intensity as a function of X = cos 0 monitored on a uniformly
labeled (with DTAF) erythrocyte membrane with an incident laser wavelength of 4,765 A. A x 100, 1.25
NA achromat focused the circularly symmetric laser beam onto the sample (minimum spot size < 1.0 um),
and collected the fluorescence excited from the top and bottom surfaces of the cell.
cells in suspension or for large natural or reconstituted membrane vesicles. It is shown that,
independent of the exact form of the initial concentration distribution, a suitably defined,
measurable function of the distribution decays as a single exponential with a characteristic
time inversely proportional to the diffusion coefficient.
THEORY
For an azimuthally symmetric concentration distribution characterized by a single lateral
diffusion coefficient D on a spherical surface of radius r, the diffusion equation has the general
solution (9, 15):
c (x, t) =EA,P,(x) exp [-( 1/2)n(n + 1)rti], (1)
n-O
where r = 2D/r2 iS the fundamental relaxation rate, x is the cosine of equatorial angle 0 (see
Fig. 1), and Pn(x) is the Legendre polynomial of order n. Coefficients An are determined by
the particular initial concentration distribution, c(x, 0).
In the normal-mode analysis introduced in this paper, it is not necessary to specify a
particular functional form of c(x, 0). We define a normalized "first moment" of the
distribution:
A f(t) PI(x)c(x, t)dx/f Po(x)c(x, t)dx, (2)
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where
PO(x) = 1
P,(x) = x.
Combining Eqs. 1 and 2, applying the orthogonality relation for the Legendre polynomials,
it follows directly that ,u(t) selects the first normal mode of the distribution, and that
AM) = (AI/3AO) exp (-rt). (3)
Thus, if all labeled molecules had identical diffusion coefficients, ,u,(t) would decay as a
single exponential. In general, for a mixed population of labeled components, js1(t) is a
weighted sum or distribution of exponentials. A time-independent background component
would be termed "immobile" on the time-scale of the experiment.
EXPERIMENTAL METHODS AND RESULTS
The general analytical approach described above can be illustrated with an example of a fluorescence
redistribution after photobleaching (FRAP) experiment. In this case, values of c(x, t) are estimated
from experimental values of F(x, t), the fluorescence intensity of an extrinsic fluorescent probe excited
by a focused laser beam scanned along the polar axis of the sphere (see Fig. 1). The initial
inhomogeneous concentration distribution is produced by a photobleaching pulse of intense laser light
centered on the "edge" (x=-1) of the sphere. Photobleaching on the edge produces a nearly
azimuthally symmetric concentration distribution as required, and acts to maximize the value of Al
relative to the other coefficients of Eq. 1. Details of the experimental apparatus used to measure F(x, t)
and produce a photobleaching pulse have been presented elsewhere (14).
Fig. 2 presents a series of 1-s fluorescence scans recorded on a spectrin-deficient, spherocytic mouse
erythrocyte membrane (16), with membrane proteins labeled with dichlorotriazinyl aminofluorescein
(DTAF). The first scan was recorded before photobleaching. The others are the first few scans initiated
consecutively at 2-s intervals after a 35-ms photobleaching pulse. Each scan shows the geometrical edge
effect characteristic of a peripherally labeled spherical cell. Assuming a uniform prebleach concentra-
tion distribution, corrections for the effects of cell geometry and possible nonuniform illumination and
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FIGURE 2 Series of I-s fluorescence scans recorded on a DTAF labeled, spectrin-deficient, spherocytic
mouse erythrocyte membrane with an incident laser power of 0.15 IAW at 4,765 A. The 2nd-6th scans
were recorded at 2-s intervals after a 35-ms, 0.1 mJ bleaching laser-pulse centered on the leading
(X - -1) edgeofthe cell.
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collection efficiencies can be carried out to a good approximation in the calculation of c(x, t) with
point-by-point normalizations of each postbleach fluorescence scan by F(x, -), a prebleach scan.
We can thus take
Am)= M,(t)/o(t), (4)
where
2 N
Ml (t) = 57 xiF(xi, t)/F(xi,-)
2 NMOA(t) = - E F(xi, t)/F(x,,-),
as an experimental estimate of ,ul(t) (see Eq. 2). If there is reason to believe that the prebleach
concentration distribution is significantly nonuniform (e.g., if a crosslinking ligand has introduced
large-scale immobile patches or caps) one should consider normalizing F(x,, t) by an empirical estimate
of the form of F(xi, -) expected for a uniform distribution.
Ideally, MO(t) is proportional to f'Ic(x, t)dx, and is thus expected to be time-independent. In
practice, the normalization by Mo(t) in the first moment defined above can serve to correct for possible
slow experimental drifts (e.g., of laser intensity). It should also be noted at this time that because of the
finite width of the monitoring laser beam, 'Al(t), as defined above, is a biased estimate of i.I(t); i.e.,
(,i,(t) ), the ensemble average of ,u(t) will necessarily deviate systematically from ,u(t) to some extent.
As discussed in the Appendix, however, there is every reason to believe that these deviations will not
ordinarily be significant.
Fig. 3 presents semi-log plots for the data of Fig. 2. As a check of internal consistancy, Mo(t) and
M,(t) are plotted separately. For all practical purposes MO(t) is time-independent. The relaxation of
M,(t) is seen to be monophasic and essentially complete (>90%) within experimental error. The solid
straight lines are least-squares fits to the data, corresponding to a relaxation rate of 0.047 s-'. For a cell
radius of 2.25 imi, determined directly from a fluorescence scan, we can thus calculate a value of
D = 1.20 x 10-9 cm2/s. A more complete, controlled characterization and discussion of membrane
protein diffusion in this cell system will appear elsewhere (17).
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FIGURE 3 Semi-log plot of Mo(t) and M,(t) as functions of time for the data of Fig. 2. Solid straight lines
correspond to an estimated relaxation rate, r, of 0.047 s-'.
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DISCUSSION
The normal-mode analysis introduced above has two principal advantages over previous
methods (8, 9, 12, 15, 18). It works for a large, general class of concentration distributions,
requiring only an initial azimuthal symmetry. It is no longer necessary to produce a particular,
prescribed initial distribution. The second advantage is that of analytical simplicity. It is
relatively easy to analyse exponential decays, and detect deviations from a single exponential.
An immobile component appears as a time-invariant background. In general, M,(t) is a sum or
distribution of exponentials, making it possible to apply one of the several analytical
procedures that have been developed to deal with this common situation (e.g., the method of
cumulants; reference 19).
Primary emphasis has been placed on the characterization of the first normal mode,
selected by the suitably defined first moment puI(t). For an initial condition symmetric about
x = 0, however, analysis can proceed for an analogously defined second moment:
2(t) P2(x)c(x, t)dx/f Po(x)c(x, t)dx = (A2/5AO) exp (-33rt) (5)
(for a monodisperse recovery) where
P2(x) = (1/2)(3X2 _ 1).
Under conditions in which D is small or r is large, At2(t) has the advantage of a characteristic
time only 1/3 that of .,u(t). A suitable initial condition for a second mode analysis could be
provided in a FRAP experiment by two bleaching pulses, one centered at x = -1 and one
centered at x = + 1.
The normal-mode analysis introduced above has been applied successfully, in this paper
and elsewhere (17), to fluorescence photobleaching experiments. Future applications should
include the extension to other techniques, analyzing, for example, the intermixing of
membrane components after cell fusion, or the back-diffusion of electrophoretically mobile
receptors after electrophoresis.
APPENDIX
Effect ofFinite Monitoring Beam Size
Experimental estimates of c(x, t), determined from values of F(x, t)/F(x, -), are actually spatial
averages of c(x, t) taken over finite ranges of x, weighted at each position by the product of the
monitoring beam intensity and a geometrical weighting factor. This averaging procedure transforms
each term in the series expansion of c(x, t) (see Eq. 1) in a characteristic way, which can be represented
in general as:
P. (x) P. (x) + fn (x). (Al)
The functions f.(x) are all either even (for even n) or odd (for odd n) functions about x = 0. This is a
direct consequence of the symmetry of the cell geometry and the fact that the Legendre polynomials
themselves are either even (for even n) or odd (for odd n) functions. It then follows that:
(Ml (t)) a A, exp (-rt) +
z A"B[ !exp -tn(n + 1)rt (A2)3 n exp1 \2Jn~n+ od
odd
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where
Bn = f xf, (x) dx.
Thus, the only correction terms of possible consequence appear for odd n 2 3. These, however, can be
expected to have sufficiently small amplitudes, and decay so rapidly relative to ert, in any event, that
they should not have a significant effect.
Similar correction terms (proportional to f' f,,(x)dx for even n) can be written for (AMo(t)),
introducing a possible time dependence. The magnitude of this effect can be checked experimentally,
and is shown in Fig. 3 to be insignificant.
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